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A-A-TYPAKyjiOB 1 



AHHOTau,H2. PaccMaTpHBaeTca npeo6pa30BaHH2 Oypte Ha BbinyKjibix aHajiHTHHecKHx 



CN ■ rnnepnoBepxHOCTax b R 4 . 

IIojiyHeHo peiueHHe npo6jieMt»i 06 (L p , L2) orpaHHHeHHocTH cooTBeTCTByrouxero onepa- 
■ Topa orpaHH^eHHa npeo6pa30BaHHa Oypte Ha HeKOTopbix KjiaccoB rnnepnoBepxHOCTeft. 

KjHoneBbie cjiOBa: npeo6pa30BaHHe Oypte, runeprioBepxHOCTb KOHeHHoro THna, onepa- 
Top orpaHHHeHHa, noKa3aTejib ocn;Hjiji3n;HH, BbicoTa cpyHKirHii. 



1. BBe^eHHe 



KaK H3BecTHO, npeo6pa30BaHHe Oypte cyMMnpyeMOH b R n cpyHKHHH SBjiseTcs Henpe- 

ptlBHOH (pyHKI^H6H . IIoSTOMy MU MOJKeM Onpe^ejIHTb ee B KaJK^OH TOHKe flBOHCTBeHHOrO 

npocT-paHCTBa. C ^pyroii cTopoHbi TeopeMa IIjiaHiriapejia: noKa3tiBaeT, hto npeo6pa30- 
BaHHe Oypte Li2(K£) cpyHKirHii cHOBa HBjiaeTca /^(-R^) cpymajneii h oGpaTHo. Cjie^oBa- 
TejiBHo, npeo6pa30BaHHe Oypte L2(R™) cpyHKiriiH MoaceT 6bitb jiio6oh cpyHKiriieH H3 
L2{R(:)- Bojiee Toro HepaBeHCTBo Xayc^opcpa-K)Hra noKa3biBaeT, hto npeo6pa30BaHHe 
Oypte L p (R£) cpyHKHHH npn 1 < p < 2 MoxceT 6bitb onpe^ejieHO KaK cpyHKirns: H3 
! Kjiacca L q (Rg), r^e q- ^BoficTBeHHoe hhcjio, T.e. - + - = 1. HecMOTps Ha to, hto npe- 

o6pa30BaHHe Oypte b R n onpe^ejiaeTCH jihh6hhbimh cTpyKTypaMH R n , pe3yjiBTaTbi 06 
orpaHHHeHHH npeo6pa30BaHHH Oypte noKa-3biBaioT cbh3b Meac^y rapMOHHnecKHM aHa- 
jih30m h HejiKHefl-HbiM oGteKTOM. ToHHee, KaK noKa3aji OecpcpepMaH [8] npeo6pa30BaHHe 
^ ■ Oypte L p cpyHKHHH npn ^ocTaTOHHo 6jih3khx k eflHHHHe KoppeKTHo onpe^ejieHa KaK 

L 2 (S 71 ^ 1 ) (rpp S 71 ^ 1 - e^HHHHHas ccpepa b R n ) cpyHKHHH, xoth S 11 ' 1 HMeeT Mepy Hyjib b 
R n h / anpnopn onpe^ejieHo iiohth Bcio^y. 3^,ecb mojkho otmcthtb KjiaccHnecKHe pe- 
3yjibTaTbi ToMaca [5], IIlTpHxapTca [3], CreftHa [4], OecpcpepMaim [8], 3nrMyHfla [6]. 

AHajiorHHHbie npoGjieMbi B03HHKaioT b cjiynae, Kor^a S npon3BOJibHaa: noBepxHocTb 
EBKjiH^oBa npocTpaHCTBa. 

riepefi^eM k Gojiee tohhbim onpe^ejiemisM. 

IlycTb / G Sh {R n ) , r,ne Sh (R n ) -npocTpaHCTBo IIlBapija. Hepe3 S C R n o6o3HanHM 
rjia^Kyio noBepxHocTb b npocTpaHCTBe R n h ciS'-sjieMeHTa HH^;yH,HpoBaHHOH jie6eroBoft 
Mepbi, a TaKJKe bbq^qm Mepy d/i(x) = ip(x)dS, r^e if) G C^°(S) HeoTpnijaTejibHaH rjiaflKaa 
cpyHKi^HH c KOMnaKTHBiM HocHTejieM. IIpocTpaHCTBo L q (S) onpe^ejiaeTca ecTecTBeHHbiM 
o6pa30M. 

Ecjih / G Sh(R n ) , to ecTecTBeHHo onpe^ejieH onepaTop (Rf)(£) = /(£), npn £ E S, 
TaK KaK /(£) HBjiaeTca sjieMeHTOM npocTpaHCTBa niBapija Sh [R^J- 

Onpe^ejieHHe 1.1. Tobopht, hto onepaTop R HMeeT thii (L p ,L q ) ecjin cymecTByeT no- 
jiojKHTejibHoe hhcjio A P) q TaKoe, hto jik)6oh cpyHKi^HH / G Sh (R n ) BbinOJIHHeTCa 
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HepaBeHCTBo: 



./ 



q \ q 

dfi) < A 



p.q 



^ \\f\\ Lp = (f Rn \m\ p dx)*. 

IIpo6jieMa o tohhmx 3HaneHH5rx p, q pp cnx nop ocTaeTCH otkpbitoh. 3Ta npoGjieMa 
Ha3MBaeTCH "npoGjieMoft 06 orpaHnneHnn npeo6pa30BaHH2 <J>ypBe". 

KnaccnnecKne pe3yjiBTaTBi ToMaca h CTeftHa [4] noKa3BiBaioT, hto eoim S e^rnHnnHaa 
ccpepa h q = 2, to npn 1 < p < HM66T MecTO HepaBeHCTBo BH,n;a (jl.ip fljia jik)6oh 

cpyHKirnn f e Sh (R n ) . 

Mbi paccMOTpHM 3Ty 3a,n;any b cjrynae, Kor,n;a g = 2 h S BBinyKjiasi aHajinTnnecKaa: 
rnnepnoBepxHOCTB b R a . JIoxajiBHO mm mojkem onpe^ejiHTB S Kax rpacpHK aHajiHTnnecKon 

(pyHKnHH 



x 4 = $(xi,x 2 ,x 3i ), 

yzrpBjieTBopaioinaii ycjioBnaM: $(0) = 0, V$(0) = 0. 

B pa6oTe [10] paccMOTpeHa aHajiornnHas: sa^ana h nojiyneHbi HexoTopBie oipghkh pjis 
cjiynas, Kor^a S 1 yzrpBjieTBopaeT hckotopbim ycjioBHHM, Tax Ha3BiBaeMBix ycnoBHHM nojinsfl- 
pajiBHoro Tnna. 

HaM HeoGxo^HMo HexoTopBie o6o3HaneHHH n onpe^ejieHHH pjm cpopMynnpoBKn ochob- 
Horo pe3yjiBTaTa. 

IlycTB / rjia^xaa cpyHKirna b HeKOTopoii oKpecTHocTH Hyna n oHa yzrpBjieTBopaeT ycjio- 
bhhm: 



/(0) = 0, V/(0)=0. 

OyHKUHJi / Ha3BiBaeTca BBinyKjiofi, ecjiH pus jhoGbix BeKTopoB x,y G U C R n (rpe 17- 
HeKOTopaa BBinyKjiaa oxpecTHocTB Hanajia Koop^HHaT) h ^Jia jik>6bix HeoTpnn,aTejiBHBix 
HHceji a, f3, y^oBjieTBopaioirj;Hx ycjioBnio a + /3 — 1 HMeeT MecTO HepaBeHCTBo: 

f(ax + f3y)<af(x) + flf(y). 

OyHKirna: / Ha3BiBaeTC5i (pyHKirnen KOHenHoro jinHenHoro Tnna b Hanajie KoopflimaT, ecjrn 
rjik jnoGoro e^HHHHHoro BeKTopa £ G R n cymecTByeT N > 2 Taxoe, hto D^/(0) 7^ 0, 
r^;e D^f(0) npon3Bo,n;Haa: cpyHKirnn / no HanpaBjieHnio BeKTopa £ b Hanajie Koop^HHaT. 
IIoBepxHocTB S Ha3BiBaeTC3 BBinyKjion KOHenHoro JinHenHoro Tnna, ecjin OHa jioxajiBHo 
3a^aeTca b BH^e rpacpHKa BBinyKjioii cpyHKirnn KOHeHHoro jiHHenHoro Tnna. 

IlycTB / rjia^Kaa cpyHKHHH, onpeflejieimaa: b Hanajie KoopflimaT. PaccMOTpHM ee pafl 
Tefljiopa c ueHTpoM b Hanajie Koop^HHaT(T.e. pafl MaKjiopeHa stoh cpyHKnrm) 



fx ~ Cfcxfc ' Cfc G 
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HocHTejib (HOCHTejieM Teftjiopa) SToro pa^a onpe^ejiaeTCH cooTHOineHHeM: 
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t (/*) = {kE N£\{0} : c k ^ 0} . 

MHororpaHHHK HbioTOHa pH^a MaxjiopeHa / onpe^ejieH kbr BbinyKjiaH oGojiohkb mho- 
xcecTBa \J {k + R n + }, m e k e t (f x ) n Rl = (R + ) n . 

OnKCupyeM cncTeMy Koop^HHaT b R n h o6o3HanHM nepe3 / x pjiu; MaxjiopeHa cpyHKHHH 
/ b stoh cHCTeMe Koop^HHaT. IlycTB e? Koop^HHaTa nepeceneHHa npHMoii x\ — . . . — x n — 
t, t e R c rpammeft MHororpaHHHKa HbrcrroHa. 3to hhcjio 6yneT Ha3biBaTbCH paccros- 
HneM Me>K^;y MHororpaHHHKOM h HanajioM Koop^HHaT. PaccroHHHe o6o3HaHaeTCH nepe3 
d(x). TjiaBHofi rpaHBio MHororpaHHHKa HbioroHa Ha3biBaeTCH rpaHB MHHHMajiBHOH pa3- 
MepHocTH, coflepacameii Tonxy (d(x), . . . , d(x)). 

IlycTB / cpyHKHHH , onpe^ejieHHan BBirne, h nycTB x = (x±, . . . ,x n ), (pHKCHpoBammH 
CHCTeivia Koop^HHaT b Hyjie b R n . 06o3HaHHM nepe3 f x pa,n; MaxjiopeHa /, d(x) pac- 
CTOHHHe MejK^y HanajioM Koop^HHaT h MHororpaHHHKOM HbioTOHa N(f x ). PaccMOTpHM 
BejiHHHHy h(f) = sup{ci(x)}, rp<e "supremum"6epeTCH othochtcjibho Ha6opa Bcex jio- 
KajiBHBix rjia^-KHx cncTeM Koop^HHaT x b Hanajie Koop^HHaT. Hhcjio h(f) Ha3biBaeTCH 
bbicotoh (pyHKn;HH /. BapneHKo A.H ,noKa3aji cymecTBOBaHne Tax Ha3BiBaeMBix "npHcno- 
co6jieHHbix"cHCTeM Koop^HHaT, T.e TaKHx cncTeM Koop^HHaT, r,ne BBinojiHHeTCH paBeH- 
ctbo: h(f) = d. Cym;ecTBo-BaHHe aHajiornnHBix chctcm Koop^HHaT ^jih rjia^KHx BBinyK- 
jibix cpyHKHHH KOHenHoro jiHHenHoro Tnna ^;oKa3aHo b pa6oTe [7] h ^jih npoH3BOJiBHbix 
BBinyKjiBix aHajiHTHHecKHx cpyHKHHH b paGoTe [11]. 

PaccMOTpHM Mepy dfj,(x) = ip(x)dS h npeo6pa30BaHHe Oypbe stoh MepBi : 



d tt£) = J (0 := / exp(i(x,£))dfi(x). 
Js 

B pa6oTe [12] ,n;oKa3aHa cjieflyiomaa 

TeopeMa 1.1. IlycTB $ BBinyKjian aHajiHTHHecKasi cpyHKHHH b OKpecTHOCTH Hyjis. Tor^a 
cymecTByeT oKpecTHocTB HyjiH U Taxaa, hto ,hjih jno6oii cpyHKHHH ip e C^°(U) ciipaBe^;- 
jiHBa cjie^yiomaa: ouemca 



< 



C( 4 )(C7) 



|£| M*) 



r^;e h(<&) BbicoTa cpyHKHHH $ , 1 1 "0 1 1 c?(-*) (i/) HO P Ma cpyHKHHH Ha 

Ochobhbim pe3yjibTaTOM HacTOHmefi pa6oTbi HBjineTCH cjie^ryromaH 
TeopeMa 1.2. IlycTb $ -BbinyKjiaH aHajiHTHHecKan cpyHKHHH b OKpecTHOCTH Hyjis b R 3 . 
Tor,n;a cym;ecTByeT OKpecTHocTB Hyjin U Taxan, hto ^jih jho6oh cpyHKi^HH ip e C^°(U) 
onepaTop orpaHHHeHHH R HMeeT THn (L p , L 2 ) npn jno6bix 1 < p < ^^f-^ ■ Bojiee Toro, 
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ecjiH if)(0) > 0, to onepaTop orpaHHHeHHH HMeeT the (L p , L 2 ) Tor^a h tojibko Tor^a, 

ROW 1 < P < ^ffi - 

2. OueHica CBepxy ^jia onepaTopa orpaHHHeHHH. 

/],0Ka3aTejit.cTB0 pe3yjibraTa npe^rbyryiHero nyHKTa ocHOBbreaeTca Ha cne^ymeft Teo- 
peMbi A.TpHHjiHcpa [2] h TeopeMe 1.1 o paBHOMepHoft oireHKe cooTBeTCTByiomero ochhji- 
jiaTopHoro HHTerpajia. 

TeopeMa 2.1. IlycTb S C R n+m rjia^Koe n-MepHoe no^MHoroo6pa3He c rjia^Kofl Mepofi 
dfi = ifj(x)dS, cocpe^oTOHeHHofl BHe rpaHHHbi 5*. IIpe^nojiojKHM fljis HeKOTopbix C, r > 
BBinojiHaeTCH HepaBeHCTBO 

\dm\<c(i + \z\y?. 

Torfla cymecTByeT C > Taxoe, hto fljia jiioGoh (pyHKHHH / e S'/i (i? n+m ) BbinojiHaeTcs 
HepaBeHCTBO 



l.-2(S,dfi) - C ' " 



(2-1) / 

2(m+/3) 

npn p = 

B nacTHOCTH ecjiH S* rjia^Kaa rnnepnoBepxHOCTb, to m = 1 h mbi HMeeM oueHKy c 

J) = 2+B " " a fl :bI HOJIHOTBI H3JIO>KeHH5I MBI OCTaHOBHMCS B OCHOBHBIX MOMeHTaX ^OKa3a- 

TejiBCTBa TeopeMBi 2.1 A.TpHHjiHcpa npn m = 1 [2]. 

CHanajia 3aMeraM, hto oueHKa (12. 1 p HHBapnaHTHo oTHocHTejibHo EBKjin^oBa ^BH>Ke- 
hhh npocTpaHCTB R^. h Rg, Tax KaK dS HHBapHaHTHo OTHocHTejibHo TaKHx npeo6pa30Ba- 
hhh. Cjie^oBaTejiBHo, mbi Mo>KeM cHHTaTB hto S 3a,naHa b BH^;e rpacpHKa rjia^Kofi cpyHK- 
hhh x 4 = x 2 , x 3 ), yripBjieTBopaioiHeH ycjioBHSiM $(0) = 0, V$(0) = 0. IIpH 3tom 

HCnOJIB3y5I COOTBeTCTByiOHI^erO pa36neHH3 e^THHHHbl MBI MOJKeM CHHTaTb, HTO HOCHTejIb 

cpyHKHHH ip cocpe^oToneH b flocTaTOHHo Majiofi oKpecTHocTH Hanajio KOOp^THHaT. 

Tenepb c noMonibio jieMMbi ToMaca [5] ^ocTaTOHHo noxasaTb cnpaBe^jiHBocTb on;eHKH 

\\dfi*g\\ Lq <C\\g\\ Lp , 

2(1+8) 1,1 1 

r^e *- CBepTKa, p = h - + - = 1. 

PaccMOTpHM o6o6m;eHHyK) (pyHKHHio (ceMeftcTBo aHajiHTHiecKHx o6o6iHeHHbix (pyHK- 
HHH) 



G z (x) = ij(x 1 ,x 2 ,x 3 ,x 4 ) 



\x A - $(x 1 ,x 2 , x 3 \ 



T(z+1) 

KaK H3BecTHo, G z aHajiHTHHecKH npo^ojiJKaeTca b C [1] h 



r^e 8{xi — 11 ^ejibTa" (pyHKHHH Ha noBepxHOCTH S. 

Tenepb onpe^ejiHM ceMeftcTBo aHajiHTHiecKHx onepaTopoB 
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T g f{x) = G z *f(x), 

mefeSh(R n ). 



rioKaaceM cupaBe^jiHBOCTb HepaBeHCTBo: 



T(l+iy) 

3aMeTHM, hto T(l) = 1. IIosTOMy H3 aHajiHTHHHocTH r b TOHKe 1 HMeeM I r(^) I > I 

npn \z — 1| < 8 fljiH HeKOToporo nojioncHTejibHoro hhcjio 8. B nacTHOCTH npn \y\ < 8 Mbi 

HMeeM . r, < 2. 
|r(i+?j/)| — 

TenepB Hcnojib3yeM cooTHomeHiie T(z)T(l — z) = si ^ nz . 
IIpH z = —iy Mbi nojiy^HM 

7T 



sin7r(l + iy)r(-iy) = — smiriyT(— iy) = ishnyY{—iy). 



T(l + iy) 

Otmcthm, hto ecjiH \y\ > 8, to cymecTByeT C$ Taxoe, hto iy)\ < C$. 

,H,eHCTBHTejiBHo, no cpopMyjie aHajiHTHHecfcoro nponpjiHceHHH raMMa cpyHKHHH, HMeeM 
cjienyiomHe cooTHonieHHH: 

Ecjih Rez = 0, to sup \G z (x)\ = C z < Ce^ lmz V 

X 

Cjie^oBaTejibHo, 

\\T z g\\ h2 < C z \\g\\ L2 . 
Tenepb Hcnojib3yeM cjienyromyio cpopMyjry [1]: 

V{-z) 

IIo3TOMy 

1 {-z) 

OTcio^a BbiTexaeT, hto n,jiH Rez — — (3 — 1 BbinojiHHeTCH aneflyiomee HepaBeHCTBo 
< C 2 , npHHeM \C Z \ < Ce c ^ Irnz \. CnenoBaTejibHo, 

\\T z g\\ L oo < C z \\g\\ Li . 
Hcnojib3yH HHTepnojiHHHOHHyio TeopeMy npn p = 2 ^+P Mt>1 HMeeM: 

||T_i^|| L9 < C k \\g\\ Lp 

HaKOHen;, Hcnojib3yH TeopeMbi 1.1 mm npn^eM k ouemcy CBepxy n,jiH onepaTopa orpaHH- 

HeHHH. 
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3. Oneroca CHH3y fljia onepaTopa orpaHHieHHJi . 



KaK OTMeTHjiH Bbiine (L p , L<i) orpaHnueHHOCTB onepaTopa cyxceHUJi i? HHBapnaHT- 

HO OTHOCHTejIBHO a(p(pHHHOrO lipeo6pa30BaHHH. B HaCTHOCTH MM MOJKeM CHHTaTB, HTO 

cbyHK-nrra $ 3anncaHa b KoopflimaTe HIyjiBii;a [7], b cjiyuae Kor/xa S BBinyKjiaa: rnnepno- 

BepXHOCTB. 

06o3HaHHM uepe3 d paccTOjmne MHororpaHHHKa HtioTOHa d^yHKinrn $ nocTpoeH- 
Horo b TOHKe x — 0. Cjie/xyiorixee yTBepacflemie ,noKa3aHo b pa6oTe [9]: 

JleMMa 3.1. IlycTB q conpnaceHHoe hhcjio, T.e ^ + ^ = 1 (p > 1). Ecjih ^(0) > h 
onepaTop orpaHHieHHsi HMeeT thii (L p ,L 2 ), to ji,jih conpji>KeHHoro uncjia g cnpaBe^jiH- 
bo HepaBeHCTBo q > 2d + 2. Ecjih S BBinyxjiaa noBepxHocTB 3ajj;aHHaji b BHjj;e rpacpHKa 
cpyHKHHH $ n iV($) MHororpaHHHK HBioTOHa cpyHKHHH $, to cynxecTByeT jiHHeiiHoe npe- 
o6pa30BaHiie Taxoe, hto paccTOHHHe d onpeiiejiHeTCH H3 coothoui6hh5i d — h(Q). 

,H,oKa3aTejiBCTBo TeopeMBi 1.2. Tax k&k cbohctbo orpaHHueHHocTH onepaTopa R HHBapii- 
aHTHo oTHocHTejiBHo jiHHeflHBix npeo6pa30BaHHH, to H3 JI6MMBI 3.1 cjie/iyeT, HTO 1 < p < 



OTciojj;a BBiTexaeT jjoxasaTejiBCTBo TeopeMBi 1.2. 

Abtop npiiHociiT rjiy6oKyio Gjiaro/iapHocTB ii.cb-M.H. H.A.IlKpoMOBy 3a nocTaHOBKii 
sa/jauH h BHiiMaHiie k pa6oTe. 

Pa6oTa cpiiHaHciipoBaHa rpaHTOM OT-O1-006 TocKOMHTeTa Hayxii h tcxhiikii Pecny6- 

JIHKII YsGeKHCTaH. 
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1 2/i($) + 1 



P 



2(/i($) + l) 2(l + /i($))" 
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On restriction of the Fourier transform to hypersufaces. 
D.D.Turakulov 

Abstract. It is considered Fourier transform of convex analytic hypersufaces on i? 4 . We 
prove that the Fourier restriction operator associated to convex analytic hypersufaces is 
(L p , L 2 ) bounded whenever 1 < p < ■ The result is sharp. 
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